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LQWHUSUHWHGDV³DVVLPSOHDVSRVVLEOHDVFRPSOLFDWHGDVQHFHVVDU\´>@+RZHYHUWKLVLVQRWDWHUPZKLFKFRXOGEH
HDVLO\LQWHUSUHWHG&RQVHTXHQFHVRIRYHUVLPSOLILFDWLRQVFDQQRWEHIRUHVHHQDKHDGDQGWKHYDOLGLW\RIWKHRXWSXWLV
RIWHQ TXHVWLRQDEOH 6RPHWLPHV PRGHO PDNHUV RYHUVLPSOLI\ WKH SUREOHPV MXVW WR PDNH LW VROYDEOH E\ XVLQJ WKH
DYDLODEOH,7DQGPDWKHPDWLFDOWRROV,QWKHDXWKRUV¶RSLQLRQZLGHO\DSSOLHGQHWZRUNVFKHGXOLQJWHFKQLTXHVVXFKDV
&30>@3UHFHGHQFH'LDJUDPPLQJ>@DQG3(57>@VXIIHUIURPWKHVDPHSUREOHPV$WWKHWLPHRIWKHLUELUWK
GHFLVLRQPDNLQJWKHRU\DQGLQIRUPDWLRQWHFKQRORJ\ZHUHQRWUHDG\WRVROYHWKRVHFRPSOH[SUREOHPVZKLFKHDVLO\
FDQEHVROYHGE\XVLQJWKRVHWRROVWKDWKDYHEHHQGHYHORSHGUHFHQWO\

7KH DXWKRUV VWDWH WKDW ZHDN PRGHOLQJ FDSDELOLWLHV FDQQRW UHVXOW LQ DGHTXDWH SODQV FRQVHTXHQWO\ WKH SURMHFW
FRQWUROSURFHVVWKDWFRPSDUHVWKHIDFWVWRQRQDGHTXDWHSODQVDUHXVXDOO\PLVOHDGLQJ7KHPDJQLWXGHRIJHWWLQJIDOVH
LQIRUPDWLRQ IURP WKHVH SURFHVVHV LV KDUG WR HVWLPDWH EXW FDQQRW EH GHQLHG 7KH DLP RI WKLV SDSHU WKHUHIRUH LV
WKUHHIROG

• WRFROOHFWDQGFODVVLI\WKRVHVKRUWFRPLQJVRIWKHZLGHO\NQRZQDQGXVHGQHWZRUNWHFKQLTXHVWKDWFRXOGQRWEH
LJQRUHG
• WRSURSRVHDJHQHUDOPRGHODQGDQDGKHUHQWJUDSKLFDOUHSUHVHQWDWLRQWKDWJLYHWKHWRROVRIWKHQHZPRGHOWREH
XVHGLQSODQQLQJSUDFWLFH
• WRSURYLGHDQDOJRULWKPIRURQHRIWKHSUREOHPVQDPHO\IRUWKHSUREOHPRIGHILQLQJWKHVWDUWWLPHRIDFWLYLWLHV
ZLWKFKDQJLQJLQWHQVLW\LQFDVHRIXVLQJVSDWLDODQGWLPHGLVWDQFHVZKHQGHILQLQJSUHFHGHQFHUHODWLRQV7KLVFDQ
EHUHJDUGHGDVWKHPDLQUHVXOWRIWKLVSDSHUDVQHZSUHFHGHQFHUHODWLRQVDUHLQWURGXFHGLQFRQQHFWLRQZLWKWKLV
DOJRULWKP
/LWHUDWXUHUHYLHZ
2.1. Program Evaluation and Review Technique (PERT) 
3(57ZDVGHYHORSHGGXULQJWKHFROGZDUDWWKHHQGRIWKHV>@7KHWDVNWREHVROYHGZDVWRGHWHUPLQHWKH
GLVWULEXWLRQRIWKHSURMHFWGXUDWLRQ7KHPDLQVLPSOLILFDWLRQVK\SRWKHVHVRIWKHRULJLQDOPRGHOZHUHWKHIROORZLQJV

• DFWLYLWLHVIROORZDEHWDGLVWULEXWLRQDQGFRUUHODWLRQLQDFWLYLW\GXUDWLRQDPRQJDFWLYLWLHVGRHVQRWH[LVW
• WKUHHSRLQWHVWLPDWLRQFDQEHXVHGWRPRGHOWKHDFWLYLWLHV¶SGIIXQFWLRQ
• RQO\RQHFULWLFDOSDWKH[LVWVDQGQRRWKHUSDWKFDQFDQGLGDWHWREHFULWLFDO
• DFWLYLW\FDOHQGDUVDUHLJQRUHGLQWKH3(57PRGHO

5HJDUGLQJWKHGLVWULEXWLRQRIWKHDFWLYLWLHV&ODUNVWDWHG³7KHDXWKRUKDVQRLQIRUPDWLRQFRQFHUQLQJGLVWULEXWLRQV
RIDFWLYLW\WLPHVLQSDUWLFXODULWLVQRWVXJJHVWHGWKDWWKHEHWDRUDQ\RWKHUGLVWULEXWLRQLVDSSURSULDWH´>@'HVSLWH
WKLV PDQ\ RWKHU GLVWULEXWLRQV ZHUH LQWURGXFHG RYHU WKH GHFDGHV HJ WKH ORJQRUPDO GLVWULEXWLRQ >@ WKH GRXEOH
WUXQFDWHGQRUPDOGLVWULEXWLRQ>@ WKHPL[HGEHWDDQGXQLIRUPGLVWULEXWLRQ>@ WKHWULDQJXODUGLVWULEXWLRQ>@DQG
WKH3DUNLQVRQGLVWULEXWLRQ>@DPRQJRWKHUV7KRURXJKMXVWLILFDWLRQRIWKHDSSOLFDELOLW\RIWKHVHSGIIXQFWLRQVIURP
DQ HQJLQHHULQJ SRLQW RI YLHZ LV VWLOO PLVVLQJ 2Q WKH RWKHU KDQG VRPH DXWKRUV > @ DUJXH WKDW GXH WR WKH
VLJQLILFDQW XQFHUWDLQW\ DQG LPSUHFLVLRQ UHIOHFWHG LQ WKH HVWLPDWHV WKH DSSOLFDWLRQ RI QHZ SGI IXQFWLRQV GRHV QRW
UHVXOWLQPRUHUHDOLVWLFGLVWULEXWLRQVIRUWKHSURMHFWGXUDWLRQ

7KH RULJLQDO WKUHHSRLQW HVWLPDWLRQ KDV DOVR UHFHLYHG JUHDWPDQ\ FULWLTXHV 7KLV HVWLPDWLRQ RQO\ JLYHV SUHFLVH
UHVXOWV IRU WKHH[SHFWHGYDOXHDQGYDULDQFH LI WKHEHWDGLVWULEXWLRQ LV V\PPHWULFDO WKDW LVERWK WKHRSWLPLVWLFDQG
SHVVLPLVWLFDFWLYLW\GXUDWLRQVDUHDWWKHVDPHGLVWDQFHIURPWKHPRVWOLNHO\YDOXH+RZHYHULWZDVVKRZQ>@WKDW
XQGHUVRPHFRQGLWLRQVWKHPDJQLWXGHRIWKHLQDFFXUDF\FDQEHDFFHSWHG

,W ZDV VRRQ UHDOL]HG WKDW WKH RULJLQDO FDOFXODWLRQ LV YHU\ RSWLPLVWLF 7KHVH RSWLPLVWLF UHVXOWV ZHUH WKH
FRQVHTXHQFHVRIWKHK\SRWKHVLVUHJDUGLQJWKHRQHSRVVLEOHFULWLFDOSDWK6ROXWLRQVIRUDEHWWHUGHWHUPLQDWLRQRIWKH
GLVWULEXWLRQ RI WKH SURMHFW GXUDWLRQ ZHUH GHYHORSHG RYHU WKH GHFDGHV 7KHVH FDQ EH GLYLGHG LQWR WKUHH JURXSV
195 Miklós Hajdu and Levente Mályusz /  Procedia Engineering  85 ( 2014 )  193 – 205 
DFFRUGLQJWR WKHFODVVLILFDWLRQE\$GODNKD>@DQG(OPDJKUDE\>@IURPHVWLPDWLRQV>@ WKURXJK0RQWH&DUOR
VLPXODWLRQ>@WRDQDO\WLFDOVROXWLRQV>@

,W LV LQWHUHVWLQJ WRQRWH WKDWQRQHRI WKHUHVHDUFKUHJDUGLQJ3(57KDVGHDOWZLWKKRZWR LPSURYH WKHPRGHOLQJ
FDSDELOLWLHVRI3(577KHRQO\UHODWLRQWKDWFDQEHGHILQHGEHWZHHQWZRDFWLYLWLHVLVWKDWWKHVXFFHHGLQJDFWLYLW\FDQ
VWDUWDIWHUWKHSUHFHGLQJDFWLYLW\LVILQLVKHG
2.2. Critical Path Method (CPM) 
7KHRULJLQDO&30PHWKRGGHYHORSHGLQWKHVZDVDFRVWRSWLPL]DWLRQSUREOHPWKDWZDVVROYHGE\SDUDPHWULF
OLQHDUSURJUDPPLQJ>@'R]HQVRIVRSKLVWLFDWHGDOJRULWKPVDQGHPEHOOLVKPHQWVZHUHGHYHORSHGRYHUWKHGHFDGHV
EXWQRQHRIWKHPGHDOWZLWKKRZWRLPSURYHWKHLQWHUQDOORJLFRIWKHSURMHFWV

2.3. Precedence Diagramming Method (PDM) 
$OWKRXJK3UHFHGHQFH'LDJUDPPLQJLVWKHSUHYDLOLQJWHFKQLTXHRIWRGD\¶VFRQVWUXFWLRQSUDFWLFHLWVELUWKZDVQRW
DVUDGLDQWDVWKHELUWKRI&30RU3(57(YHQWKHGDWHRIELUWKDQGWKHQDPHRIWKHSDUHQWVDUHKDUGWRGHILQH7KH
SLRQHHULQJZRUNRI-RKQ)RQGDKO>@ZKRVXJJHVWHGWKHDFWLYLW\RQQRGHQRWDWLRQLQVWHDGRIWKHDFWLYLW\RQDUURZ
QRWDWLRQDQG5R\>@ZKRLQWURGXFHGWKH66DQGPD[66UHODWLRQVFRXOGEHFRQVLGHUHGDVWKHIRUHUXQQHURIWRGD\¶V
3UHFHGHQFH'LDJUDPPLQJ0HWKRG(YHQWKHDOJRULWKPRIWKHVLPSOHWLPHDQDO\VLVFKDQJHGDORWRYHUWKHGHFDGHV
7KHLQWURGXFWLRQRIWKH66DQG))UHODWLRQVFDXVHGDORWRISUREOHPVIRUWKRVHUHVHDUFKHUVZKRZHUHVRFLDOL]HGRQ
&30RU3(57WHFKQLTXH,WZDVVWUDQJHIRUWKHSODQQHUVWKDWWKHVKRUWHQLQJRIWKHGXUDWLRQRIDFULWLFDODFWLYLW\FDQ
LQFUHDVHWKHSURMHFWGXUDWLRQDQGYLFHYHUVD7KLVREVHUYDWLRQKDVOHGWRWKHFKDUDFWHUL]DWLRQRIFULWLFDODFWLYLWLHVDQG
WRWKHGHILQLWLRQRIVSOLWWDEOHDFWLYLWLHV>@,WPXVWEHQRWHGWKDWWKHGHILQLWLRQRIWKHVSOLWZDVQRWDUHDOVSOLWDVLW
DVVXPHG DOVR FRQWLQXRXV LQWHQVLW\ ZLWKRXW LQWHUUXSWLRQ EXW ZLWK ORZHU VSHHG 7RGD\ WKLV DFWLYLW\ W\SH LV FDOOHG
HODVWLF7KHIRXUW\SHVRIFULWLFDODFWLYLWLHVRULJLQDOO\GHILQHGE\:LHVW>@KDVEHHQH[WHQGHGWRVL[E\+DMGX>@
5HFHQWO\IRXUPLQLPDOUHODWLRQV66)6))DQG6)DQGIRXUPD[LPDOUHODWLRQVPD[66PD[)6PD[))PD[6)
DUHXVHGLQFRQVWUXFWLRQSUDFWLFH0RUHRQWKLVFDQEHIRXQGLQWKHERRNRI+DMGX>@7KHXVDJHRI66))DQG
6)UHODWLRQVUHTXLUHGWKHDVVXPSWLRQRIIL[HGLQWHQVLW\IURPWKHVWDUW WLOO WKHILQLVKZLWKLQDFWLYLWLHVZKLFKFDXVHG
WKHPRGHOLQJRIRYHUODSSLQJDFWLYLWLHVZLWKFKDQJLQJLQWHQVLWLHVWREHSUREOHPDWLF
0DLQFODVVLILFDWLRQRISUREOHPVLQSODQQLQJDQGVFKHGXOLQJ
3UREOHPVWKDWKLQGHUWKHFUHDWLRQRI³JRRG´SURMHFWSODQVDOWKRXJKLWLVKDUGWRGHILQHWKHWHUP³JRRGSODQ´FDQ
EHFODVVLILHGDVIROORZV

• SUREOHPVDQGOLPLWDWLRQVRIWKHVFKHGXOLQJVRIWZDUH
• ODFNRINQRZOHGJHRQWKHSODQQHU¶VSDUW
• VKRUWFRPLQJVRIWKHH[LVWLQJPRGHOV

$GGUHVVLQJWKHVKRUWFRPLQJVRIWKHH[LVWLQJPRGHOVLVWKHPDLQLVVXHRIWKLVSDSHU7KHVHFDQEHFODVVLILHGDV

• SUREOHPVZLWKDFWLYLWLHVDFWLYLW\GXUDWLRQV
• PRGHOLQJSUREOHPVWKDWKLQGHUWKHFRUUHFWGHILQLWLRQRIORJLFDOLQWHUGHSHQGHQFLHVEHWZHHQDFWLYLWLHV
6KRUWFRPLQJVSUREOHPVUHJDUGLQJDFWLYLWLHV
7KHVHW\SHVRISUREOHPVFDQEHFODVVLILHGDVIROORZV

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• $GHTXDWHOLVWRIDFWLYLWLHVLVKDUGWRGHILQH
• 7KHDFFXUDF\RIWKHHVWLPDWHVRIDFWLYLW\GXUDWLRQVLVDOZD\VTXHVWLRQDEOH
• 0RGHOLQJWKHFKDQJLQJLQWHQVLW\DQGEUHDNVZLWKLQDFWLYLWLHVLVYHU\DZNZDUG
• 7KHHIIHFWRIFDOHQGDUVRQDFWLYLW\GXUDWLRQVFDQQRWEHKDQGOHGZLWKWKHPRGHOV
• &RUUHODWLRQFDQH[LVWDPRQJWKHGXUDWLRQVRIVRPHDFWLYLWLHV

7KH IRFXV LV RQ WKH FKDQJLQJ LQWHQVLWLHV VR RQO\ WKLV LVVXH ZLOO EH GLVFXVVHG IURP WKH DERYH OLVWHG LWHPV
6FKHGXOLQJ SUDFWLFH XVHV 3UHFHGHQFH 'LDJUDPPLQJ LQ  7KH PRVW LPSRUWDQW K\SRWKHVLV RI WKH 3UHFHGHQFH
'LDJUDPPLQJPHWKRG LV WKDW DFWLYLWLHV DUHFDUULHGRXWZLWK WKH VDPH LQWHQVLW\ZLWKRXW LQWHUUXSWLRQZKLFK DOPRVW
QHYHUKDSSHQV*HQHUDOO\LQVFKHGXOLQJLWLVDVVXPHGWKDWWZRGD\VRIZRUNUHVXOWVLQWZLFHWKHSHUIRUPDQFHDVRQH
GD\ZRXOG+RZHYHUWKLVLVQRWWUXHHYHQLIWKHVDPHUHVRXUFHVDUHDOORFDWHGWRWKHWDVNHDFKGD\7RVWDUWWKHZRUN
VRPHSUHSDUDWLRQVDUHUHTXLUHGOLNHVWXG\LQJWKHVLWHDQGWKHZRUNLQJFRQGLWLRQVHWFZKLFKUHVXOWVLQDVORZHUVWDUW
7KLVSKHQRPHQRQFDQEHGHVFULEHGE\XVLQJOHDUQLQJFXUYHV>@
)LJ$FWLYLW\ZLWKFKDQJLQJLQWHQVLW\
,QWKLVSDSHUZHUHOD[WKHUHTXLUHPHQWIRUIL[HGLQWHQVLWLHVDQGZHDOORZWKHGHILQLWLRQRIDFWLYLWLHVWKDWFDQEH
SRUWUD\HGXVLQJSLHFHZLVHOLQHDUIXQFWLRQVLQ/60)LJ7KLVUHOD[DWLRQZLOOUHTXLUHQHZSUHFHGHQFHUHODWLRQV
ZKLFKZLOOEHGLVFXVVHGODWHU
6KRUWFRPLQJVSUREOHPVZLWKWKHFUHDWLRQRIWKHSURMHFWV¶ORJLF
7KHVHW\SHVRISUREOHPVFDQEHFODVVLILHGDVIROORZV

• 6HTXHQFLQJSUREOHP
• 0RGHOVXVXDOO\DOORZSODQQHUVWRGHILQHUHODWLRQVEHWZHHQWKHVWDUWDQGILQLVKSRLQWRIWKHDFWLYLWLHV+RZFDQZH
GHILQHUHODWLRQVEHWZHHQDFWLYLWLHVDQGQRWEHWZHHQWKHLUVWDUWDQGILQLVKSRLQWV"
• 6SDWLDOGLVWDQFHVFDQQRWEHPRGHOOHG
• +RZFDQUHFXUULQJDFWLYLWLHVEHPRGHOHGLQDQHWZRUN"

,QWKHUHVWRIWKHSDSHUWKHVHFRQGDQGWKLUGSRLQWVZLOOEHGLVFXVVHGLQGHWDLO

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5.1. Relations between the activities 
7UDGLWLRQDOQHWZRUNWHFKQLTXHVDOORZWKHGHILQLWLRQRIUHODWLRQVEHWZHHQWKHVWDUWDQGILQLVKSRLQWVRIDFWLYLWLHV
7KDWLVZK\WKHDVVXPSWLRQRI3'0RIFRQVWDQWLQWHQVLW\LVVRLPSRUWDQW%DVHGRQWKLVK\SRWKHVLVWKHGLIIHUHQFH
FDQ EH GHILQHG EHWZHHQ HYHU\ VHFWLRQ RI WKH FRQQHFWHG DFWLYLWLHV +RZHYHU LI WKH LQWHQVLW\ RI WKH DFWLYLWLHV FDQ
FKDQJH WKHQ RWKHU W\SHRI SUHFHGHQFH UHODWLRQVZLOO EH QHFHVVDU\7KHQHZ W\SHRI DFWLYLW\ UHODWLRQ LV VKRZQ LQ
)LJXUH,QWKHQHZUHODWLRQWKHUHLVQRUHIHUHQFHWRWKHVWDUW6RUILQLVKRIWKHDFWLYLWLHVLWFRQWDLQVRQO\WKHOHDG
WLPH7KLVPHDQVWKDWPLQLPXPWKLVOHDGWLPHKDVWRHODSVHEHWZHHQHYHU\VHFWLRQFRUUHVSRQGLQJWRWKHVDPHOHYHO
RIDFFRPSOLVKPHQWRIWKHDFWLYLWLHV

)LJ'HILQLQJPLQLPDODOORZDEOHWLPHEHWZHHQDFWLYLWLHV
5.2. Defining spatial requirements 
6LWH OD\RXW SODQQLQJ LV D FRQWLQXRXV UHRUJDQL]DWLRQ RI WKH FRQVWUXFWLRQ VLWH GXULQJ WKH SURMHFW 6LWH OD\RXW
SODQQLQJKDV D ODUJH LPSDFW RQ FRQVWUXFWLRQ VDIHW\ SURGXFWLYLW\ DQG DUHD QHHGHG >@6R IDU SODQQHUV FRXOGQRW
LQFRUSRUDWHWKHVHNLQGVRIVSDWLDOUHTXLUHPHQWVLQWRWKHQHWZRUN6SDWLDOUHTXLUHPHQWVFRXOGEHGHILQHGVLPLODUO\WR
)LJXUHDVVKRZQLQ)LJXUH7KLVQHZW\SHRIUHODWLRQWHOOVWKDWDWOHDVWPGLIIHUHQFHVKRXOGEHEHWZHHQ%
DQG$HYHU\WLPHPRUHSUHFLVHO\IURPWKHVWDUWRI%WLOOWKHHQGRI$,QWKHUHVWRIWKHSDSHUWKHPDWKHPDWLFDO
EDVLVDQGWKHDOJRULWKPIRUKDQGOLQJWKHVHQHZNLQGVRIUHODWLRQVZLOOEHVKRZQ

)LJ'HILQLQJVSDWLDOUHODWLRQEHWZHHQDFWLYLWLHV
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0DWKHPDWLFDOEDVLV
6.1. Notations and the definition of the problems 
/HWWZRDFWLYLWLHV$DQG%EHJLYHQIRUDPORQJOLQHDUSURMHFW7KHGXUDWLRQRI$LVGD\V'XULQJWKH
ILUVWGD\VWKHVSHHGRISURJUHVV LVRQO\RQHWKLUGRI WKHVSHHGRI WKHVHFRQGGD\V[PHWHUV[
PHWHUV 7KH GXUDWLRQ RI DFWLYLW\% LV  GD\V ,Q FDVH RI DFWLYLW\% WKH DGYDQFHPHQW GXULQJ WKH ILUVW  GD\V LV
[PHWHUVSHUGD\DQG[PHWHUVGD\WKHUHVWRIWKHWLPH7KHIXQFWLRQGHVFULELQJDFWLYLWLHV$DQG%
DVVXPLQJWKDWWKH\ERWKVWDUWDWGD\FDQEHIRXQGLQ(TDQG(TUHVSHFWLYHO\


݂ሺݔሻ ൌ ൜
ͲǡͷͲݔǡ݂݅Ͳ ൑ ݔ ൏ ͸
ͳǡͷͲݔ െ ͸ǡ݂݅͸ ൑ ݔ ൑ ͳʹ 
݃ሺݔሻ ൌ ൜
ͳǡͺͲሺݔ െ ܽሻǡ݂݅Ͳ ൑ ݔ െ ܽ ൏ Ͷ
ͲǡͺͲሺݔ െ ܽሻ ൅ Ͷǡ݂݅Ͷ ൑ ݔ െ ܽ ൑ ͳͲ  

,Ia WKHQ%VWDUWVDWGD\,Ia WKHQ%VWDUWVGD\VDIWHUWKHVWDUWRI$

:HDUHJRLQJWRVROYHWZRSUREOHPVLQWKHIROORZLQJ

• :KHQFDQDFWLYLW\%VWDUWLIDWOHDVWDGD\GLIIHUHQFHKDVWREHNHSWEHWZHHQ%DQG$DWHYHU\OHYHORI
DFFRPSOLVKPHQW"3UREOHP
• :KHQFDQDFWLYLW\%VWDUWLIWKHUHVKRXOGEHDWOHDVWPHWHUVEHWZHHQ%DQG$"3UREOHP

)URPDPDWKHPDWLFDOSRLQWRIYLHZRXUWDVNLVWRGHILQHWKHYDOXHRIaZKLFKJLYHVWKHGLIIHUHQFHEHWZHHQWKH
VWDUWRI%DQG$
6.2.  Problem 1 
7KHVROXWLRQRI3UREOHPUHTXLUHV WKHGHILQLWLRQRI WKHLQYHUVHIXQFWLRQVRI f[DQGg[7KLV WUDQVIRUPDWLRQ
FDQEHGRQHDVERWKf(x)DQGg(x)DUHVWULFWO\PRQRWRQLFIXQFWLRQV(TDQG(T

݂݅ሺݔሻ ൌ ݂ିଵሺݔሻ ൌ ൝
ʹݔǡ݂݅Ͳ ൑ ݔ ൏ ͵

ʹ
͵
ݔ ൅ Ͷǡ݂݅͵ ൑ ݔ ൑ ͳʹ
ሺ͵ሻ 
݃݅ሺݔሻ ൌ ݃ିଵሺݔሻ ൌ ൞
ͳ
ͳǤͺ
ݔ ൅ ܽǡ݂݅Ͳ ൑ ݔ ൏ ͹Ǥʹ
ͳ
ͲǤͺ
ݔ െ ͷ ൅ ܽǡ݂݅͹Ǥʹ ൑ ݔ ൑ ͳʹ
ሺͶሻ 
,WLVDOVRQHFHVVDU\WRGHILQHWKHh[IXQFWLRQZKLFKLVWKHGLIIHUHQFHRIgixDQGfixIXQFWLRQV(T
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݄ሺݔሻ ൌ ݃݅ሺݔሻ െ ݂݅ሺݔሻ ൌ
ە
ۖ
۔
ۖ
ۓ
ͳ
ͳǤͺ
ݔ ൅ ܽ െ ʹݔǡ݂݅Ͳ ൑ ݔ ൏ ͵
ͳ
ͳǤͺ
ݔ ൅ ܽ െ ൬
ʹ
͵
ݔ ൅ Ͷ൰ ǡ ݂݅͵ ൑ ݔ ൏ ͹Ǥʹ
ͳ
ͲǤͺ
ݔ െ ͷ ൅ ܽ െ൬
ʹ
͵
ݔ ൅ Ͷ൰ ǡ݂݅͹Ǥʹ ൑ ݔ ൑ ͳʹ
 
WKDWLV
݄ሺݔሻ ൌ ቐ
െͳǡͶͶݔ ൅ ܽǡ݂݅Ͳ ൑ ݔ ൏ ͵
െͲǤͳͳݔ െ Ͷ ൅ ܽǡ݂݅͵ ൑ ݔ ൏ ͹Ǥʹ
ͲǤͷͺݔ െ ͻ ൅ ܽǡ݂݅͹Ǥʹ ൑ ݔ ൑ ͳʹ
ሺͷሻ 
)XQFWLRQV f(x), g(x), fi(x), gi(x) DQG WKHGLIIHUHQFH IXQFWLRQh(x) FDQEH VHHQRQ)LJXUH/HWa  LQRUGHU WR
PDNHg(xDQGgi(x)UHSUHVHQWDEOH

)LJ)XQFWLRQVI[J[IL[JL[DQGK[
,WFDQEHVHHQWKDWWKHVKDSHRIh(x)LVQRWLQIOXHQFHGE\WKHYDOXHRIa. ,WRQO\DIIHFWVh(x¶VYHUWLFDOSRVLWLRQ:H
DUH ORRNLQJ IRU WKH YDOXH RI x ZKHUH h(x) WDNHV LWV PLQLPDO YDOXH 7KLV x YDOXH LV LUUHOHYDQW WR WKH YDOXH RIa
)XQFWLRQh(x)LVDFRQWLQXRXVIXQFWLRQ7KHGHULYDWLYHRIWKHIXQFWLRQLQWKHRSHQLQWHUYDOLVGHFUHDVLQJ
WKDWLVWKHPLQLPXPRIWKLVIXQFWLRQLQWKHBDFORVHGLQWHUYDOLVDWWKHSRLQW[ 7KHGHULYDWLYHRIWKHIXQFWLRQ
LQWKHRSHQLQWHUYDOLVGHFUHDVLQJWKDWLVWKHPLQLPXPRIWKHIXQFWLRQLQWKHBDFORVHGLQWHUYDO
LV DW WKHSRLQW[ 7KHGHULYDWLYHRI WKH IXQFWLRQ LQ WKH RSHQ LQWHUYDO LV LQFUHDVLQJ WKDW LV WKH
PLQLPXPRIWKHIXQFWLRQLQWKHBDFORVHGLQWHUYDOLVDWWKHSRLQW[ &RQVHTXHQWO\WKHPLQLPXPRIh(x)
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LVDW WKHPLQ[[ [SRLQW 7KHYDOXHRIaKDV WREHGHILQHGLQ WKDWZD\WKDWh(x2) ,QWKLVFDVH WKHWZRGD\
PLQLPDOGLVWDQFHLVJXDUDQWHHGDORQJWKHZKROHOHQJWKRIWKHSURMHFW
ͳ
ͲǤͺ
͹Ǥʹ െ ͷ ൅ ܽ െ൬
ʹ
͵
͹Ǥʹ ൅ Ͷ൰ ൌ ʹሺ͸ሻ
IURPZKLFKa ¡

7KLVPHDQVWKDWDFWLYLW\%KDVWRVWDUWRQGD\LQRUGHUWRHQVXUHWKHWZRGD\GLVWDQFHEHWZHHQHYHU\VHFWLRQRI
$DQG%7KXVWKHg[IXQFWLRQZHDUHORRNLQJIRULVWKHIROORZLQJ
݃ሺݔሻ ൌ ൜
ͳǡͺͲሺݔ െ ͸Ǥͺሻǡ݂݅Ͳ ൑ ݔ െ ͸Ǥͺ ൏ Ͷ
ͲǡͺͲሺݔ െ ͸Ǥͺሻ ൅ Ͷǡ݂݅Ͷ ൑ ݔ െ ͸Ǥͺ ൑ ͳͲሺ͹ሻ 
7KXV3UREOHPLVVROYHG

6.3. Problem 2 
7KHGLVWDQFHEHWZHHQ$DQG%LVDWOHDVWPPLQHYHU\x7KHWDVNLVWRGHILQHWKHVWDUWRI%ZKLFK
VDWLVILHVWKLVFRQVWUDLQW)RUWKLVZHQHHGWRGHILQHIXQFWLRQp(x).  (T

      p(x)= f(x)-g(x)                                                                                                                                             ሺͺሻ 

7KHSUREOHPZLWKWKLVLVWKDWWKHp(x)KDVGLIIHUHQWVKDSHVGHSHQGLQJRQWKHYDOXHRIa.7KHIROORZLQJVLWXDWLRQV
KDYHWREHH[DPLQHG

• FDVH D
• FDVH D
• FDVH D
• FDVH D
6.3.1. Case 1 

7KHGHILQLWLRQRIp(x) LIa WDNHVLWVYDOXHDFFRUGLQJWR&DVHWKDWLV%LVVKLIWHGE\OHVVWKDQRUHTXDOWRWZR
GD\VFRPSDUHGWRWKHVWDUWRI$FDQEHVHHQLQ(TDQGWKHFDVHRIa LVGLVSOD\HGLQ)LJ

݌ଵሺݔሻ ൌ ቐ
ͲǤͷݔ െ ͳǤͺሺݔ െ ܽሻǡ ݂݅ܽ ൑ ݔ ൏ Ͷ ൅ ܽ
ͲǤͷݔ െ ሺͲǤͺሺݔ െ ܽሻ ൅ Ͷሻǡ݂݅Ͷ ൅ ܽ ൑ ݔ ൑ ͸
ͳǤͷݔ െ ͸ െ ሺͲǤͺሺݔ െ ܽሻ ൅ Ͷሻǡ݂݅͸ ൑ ݔ ൑ ͳʹ െ ܽ
ሺͻሻ 

7KHGHULYDWHRIp1(x)LVQHJDWLYHLQWKHILUVWVHFWLRQDQGLQWKHVHFRQGVHFWLRQDVZHOO+RZHYHULWLV
SRVLWLYHLQWKHWKLUGVHFWLRQWKDWLVWKHPLQLPXPRIWKHp1(x)IXQFWLRQLVDWWKHxp1 SRLQWZKLFKFDQEHVHHQ
LQ(T7KLVKDVWKHPD[LPDOYDOXHZKHQa WKDWLVWKHVKLIWRI%LVWZRGD\VDQGWKLVLVí í7KLV
LVOHVVWKDQWKHPLQLPXPUHTXLUHGGLVWDQFHRIPWKHUHIRUHWKHSUREOHPGRHVQRWKDYHDVROXWLRQZLWKLQWKH
JLYHQUDQJHRIa
݌ଵሺ͸ሻ ൌ ͲǤͷ כ ͸ െ ሺͲǤͺ כ ሺ͸ െ ܽሻ ൅ Ͷሻ ൌ ͵ െ ͶǤͺ ൅ ͲǤͺܽ െ Ͷ ൌ െͷǤͺ ൅ ͲǤͺܽሺͳͲሻ 
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)LJ7KHSIXQFWLRQRI&DVHa 
6.3.2. Case 2 

7KHGHILQLWLRQRIp(x),LIaWDNHVLWVYDOXHDFFRUGLQJWR&DVHWKDWLV%LVVKLIWHGE\OHVVWKDQRUHTXDOWRVL[GD\V
EXWPRUHWKDQWZRGD\VFRPSDUHGWRWKHVWDUWRI$FDQEHVHHQLQ(TDQGWKHFDVHRIa LVGLVSOD\HGLQ)LJ

݌ଶሺݔሻ ൌ ቐ
ͲǤͷݔ െ ͳǤͺሺݔ െ ܽሻǡ ݂݅ܽ ൑ ݔ ൏ ͸
ͳǤͷݔ െ ͸ െ ൫ͳǤͺሺݔ െ ܽሻ൯ǡ݂݅͸ ൑ ݔ ൑ Ͷ ൅ ܽ
ͳǤͷݔ െ ͸ െ ሺͲǤͺሺݔ െ ܽሻ ൅ Ͷሻǡ݂݅Ͷ ൅ ܽ ൏ ݔ ൑ ͳʹ
ሺͳͳሻ 

7KHGHULYDWHRIp2(x)LVQHJDWLYHLQWKHILUVWVHFWLRQDQGLQWKHVHFRQGVHFWLRQDVZHOO+RZHYHULWLV
SRVLWLYH LQ WKH WKLUGVHFWLRQ WKDW LV WKHPLQLPXPRI WKHp1(x) IXQFWLRQ LVDW WKHxp2 DSRLQWZKLFKFDQEH
VHHQ LQ (T  7KLV KDV WKH PD[LPDO YDOXH ZKHQ a WDNHV WKH ELJJHVW SRVVLEOH YDOXH WKDW LV a  DQG WKLV LV
í 7KLVLVVWLOOOHVVWKDQWKHPLQLPXPUHTXLUHGGLVWDQFHRIPWKHUHIRUHWKHSUREOHPGRHV
QRWKDYHDVROXWLRQZLWKLQWKHJLYHQUDQJHRIa
݌ଶሺͶ ൅ ܽሻ ൌ ͳǤͷ כ ሺͶ ൅ ܽሻ െ ͸ െ ൫ͳǤͺ כ ሺͶ ൅ ܽ െ ܽሻ൯ ൌ ͸ ൅ ͳǤͷܽ െ ͸ െ ͹Ǥʹ ൌ െ͹Ǥʹ ൅ ͳǤͷܽሺͳʹሻ 
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)LJ7KHSIXQFWLRQRI&DVHa 
6.3.3. Case 3 

7KHGHILQLWLRQRIp(x),LIaWDNHVLWVYDOXHDFFRUGLQJWR&DVHWKDWLV%LVVKLIWHGE\OHVVWKDQRUHTXDOWRGD\V
EXWJUHDWHUWKDQVL[GD\VFRPSDUHGWRWKHVWDUWRI$FDQEHVHHQLQ(TDQGWKHFDVHRIa LVGLVSOD\HGLQ)LJ

݌ଷሺݔሻ ൌ ቊ

ͳǤͷݔ െ ͸ െ ͳǤͺሺݔ െ ܽሻǡ݂݅ܽ ൑ ݔ ൑ ܽ ൅ Ͷ
ͳǤͷݔ െ ͸ െ ሺͲǤͺሺݔ െ ܽሻ ൅ Ͷሻǡ݂݅Ͷ ൅ ܽ ൏ ݔ ൑ ͳʹ
ሺͳ͵ሻ 
7KHGHULYDWHRIp3(x)LVQHJDWLYHLQWKHILUVWVHFWLRQKRZHYHULWLVSRVLWLYHLQWKHVHFRQGVHFWLRQWKDW
LV WKHPLQLPXPRI WKHp3(x) IXQFWLRQ LVDW WKHxp3 DSRLQWZKLFKFDQEHVHHQ LQ(T7KLVKDV WKHPD[LPDO
YDOXHZKHQa WDNHVWKHELJJHVWSRVVLEOHYDOXHWKDWLVa DQGWKLVLVí 7KLVLVJUHDWHUWKDQWKH
UHTXLUHGPPGLVWDQFHVRWKHVROXWLRQZLOOEHLQWKLVUDQJHRIa7KHYDOXHRIaFDQEHFDOFXODWHGIURP
(TDFFRUGLQJWRZKLFKLVa=6.13
݌ଷሺͶ ൅ ܽሻ ൌ ͳǤͷ כ ሺͶ ൅ ܽሻ െ ͸ െ ൫ͳǤͺ כ ሺͶ ൅ ܽ െ ܽሻ൯ ൌ ͸ ൅ ͳǤͷܽ െ ͸ െ ͹Ǥʹ ൌ െ͹Ǥʹ ൅ ͳǤͷܽሺͳͶሻ 
െ͹Ǥʹ ൅ ͳǤͷܽ ൌ ʹ
ܽ ൌ ͸Ǥͳ͵
ሺͳͷሻ 
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
)LJ7KHSIXQFWLRQRI&DVHD 
6.3.4. Case 4 

7KHGHILQLWLRQRIp(x),LIaWDNHVLWVYDOXHDFFRUGLQJWR&DVHWKDWLV%LVVKLIWHGE\OHVVWKDQRUHTXDOWRGD\V
EXWJUHDWHUWKDQGD\VFRPSDUHGWRWKHVWDUWRI$FDQEHVHHQLQ(TDQGWKHFDVHRIa LVGLVSOD\HGLQ)LJ

݌ଷሺݔሻ ൌ ͳǤͷݔ െ ͸ െ ͳǤͺሺݔ െ ܽሻǡ݂݅ܽ ൑ ݔ ൑ ͳʹሺͳ͸ሻ 
7KHGHULYDWHRIp3(x)LVQHJDWLYHWKHUHIRUHLWWDNHVLWVPLQLPXPDWWKH[S SRLQW7KHYDOXHRIp4(x)DW
WKLVSRLQWLV±DFFRUGLQJWR(T±DOZD\VJUHDWHUWKDQWKHUHIRUHWKHGLVWDQFHLVDOZD\VJUHDWHUWKDQPHWHUVLQ
HYHU\[ZLWKLQWKHUDQJHRIWKHSRVVLEOHVWDUWRI%DQGWKHILQLVKRI$
݌ସሺͳʹሻ ൌ ͳǤͷ כ ሺͳʹሻ െ ͸ െ ൫ͳǤͺ כ ሺͳʹ െ ܽሻ൯ ൌ ͳʹ െ ʹͳǤ͸ ൅ ͳǤͺܽ ൌ െͻǤ͸ ൅ ͳǤͺܽ ൐ ʹሺͳ͹ሻ 
7KHHDUOLHVWVWDUWRIDFWLYLW\%LV LI WKHPLQLPDOGLVWDQFHRIPPXVWEHVDWLVILHGEHWZHHQ$DQG%LQ
HYHU\x7KHPLQLPDOGLVWDQFHEHWZHHQ$DQG%LVPHWHUVLQWKHx=4+a=10.13 SRLQW6ROXWLRQLVVKRZQLQ)LJ
7KXVWKHSUREOHPLVVROYHG

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
)LJ7KHVROXWLRQRI3UREOHP
&RQFOXVLRQV
,Q WKLV SDSHU WKHJHQHUDO SUREOHPVZLWK WKHQHWZRUN VFKHGXOLQJ WHFKQLTXHVKDYHEHHQGLVFXVVHG2QH W\SHRI
WKHVHSUREOHPVFHUWDLQVKRUWFRPLQJVRIWKHORJLFDOUHODWLRQVKLSVKDVEHHQGHDOWZLWKLQGHWDLO
$VDVROXWLRQQHZORJLFDOGHSHQGHQFLHVKDYHEHHQVXJJHVWHGZLWKZKLFKERWKVSDWLDODQGWLPHUHODWLRQVFDQEH
GHILQHGLQFDVHRIDFWLYLWLHVZLWKFKDQJLQJLQWHQVLW\7KHVHUHODWLRQVKLSVUHTXLUHDQHZNLQGRIDQDO\VLVZKLFKKDV
DOVREHHQLQWURGXFHG,QWKHDXWKRUV¶RSLQLRQWKHVHQHZUHODWLRQVFDQKHOSVROYLQJNQRZQPRGHOLQJSUREOHPV
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